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17.2-2." Newell and Jeff are the two barbers in a barber shop they

own and operate. They provide two chairs for customers who are

waiting to begin a haircut, so the number of customers in the shop

varies between 0 and 4. For p = 0, 1,2, 3,4, the probability P,

that czcactly 1 customers are in the shop is P, = 3-',; P = ]%,

Py=1i5 Py =15 Py=1

(a) Calculate L. How would you describe the meaning of L to
Newell and Jeff?

(b) For each of the possible values of the number of customers in
the queueing system, specify how many customers are in the
queue. Then calculate L,. How would you describe the mean-
ing of L, to Newell and Jeff?

(¢) Determine the expected number of customers being served.

(d) Given that an average of 4 customers per hour arrive and stay
to receive a haircut, determine W and W,. Describe these two
quantities in terms meaningful to Newell and Jeff,

(e) Given that Newell and Jeff are equally fast in giving haircuts,

~ Wwhat is the average duration of a haircut?
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17.2-5. Midtown Bank always has two tellers on duty. Customers
arrive to receive service from a teller at a mean rate of 40 per hour.
A teller requires an average of 2 minutes to serve a customer. When
both tellers are busy, an arriving customer joins a single line to
wait for service. Experience has shown that customers wait in line
an average of 1 minute before service begins.

(a) Describe why this is a queueing system.

(b) Determine the basic measures of perfornmnce—l‘l@, W, L,, and
L—for this queueing system. (Hint: We don't know the prob-
ability distributions of interarrival times and service times for
this queueing system, so you will need to use the relationships
between these measures of performance to help answer the
question.)
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17.2-8. Consider u single-server queueing system with any service-
time distribution and any distribution of interarrival times (the /9\2 "c? ; = i _; 6-/5/1

GIG/1 model). Use only basic definitions and the relationships
given in Sec. 17.2 to verify the following general relationships: o
a) L=L,+ (1~ Py 4’) =
{[b’ L _ LI: i 0 (] /; -_— 0 - /; + j . Pﬂ.
(c) Py=1-p 7=z
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17.4-1. Suppose that a queueing system has two servers, an expo-

nential interarrival time distribution with a mean of 2 hours, .and [?—" é . ;) él‘ 7-;:”6-@-”}&/ z{,‘«&

an exponential service-time distribution with a mean of 2 hours for

euch server. Furthermore, a customer has just arrived at 12:00 noon. 7-}_\/ E’W 18 ;4.2‘/ ( {) = II.)

(a) What is the probability that the next arrival will come (i) be-
fore 1:00 p.m., (ii) between 1:00 and 2:00 pm., and (iii) after

2:00 pym.? 5;' = &/’Jf-ce_ fm_ /‘_: 1{ 2

(b) Suppose that no additional customers arrive before 1:00 pm.
Now what is the probability that the next arrival will come be-

-~ n =
tween 1:00 and 2:00 p.? o A";ya/w%‘?—/ //U -I/
. s . ’
{c) What is the probability that the number of arrivals between
1:00 and 2:00 p.m. will be (i) 0, (ii) 1, and (iii} 2 or more?

(d) Suppose that both servers are serving customers at 1:00 p.m. ,&-fﬁfd/ ﬂ/ /{}J/ it 79/!-0‘ . /2.'00

What is the probability that neither customer will have service
completed (i) before 2:00 PM., (ii) before 1:10 pm., and
(iii) before 1:01 PM.7

- _t.4
@) () P(T23)=Fl1)= 1-e * = a,;?ffzs 3y
'i‘ - Z-ca
(i) P 32722) = Fl3)-F1) = (1-e % )= {(
= B a,f e,—’:.- 9: 2387

N
(i) PET>2) = ™% 2 9,34 79

75
2|F>34)z PUTLE) = O35
b plTez]T> )4? 1 FEELE

&) W) U fojzson (42

() PC )=o) = PCTDL) = e
-2 ’
07) /0(/'/(1)::1) - 35,(?3) :_0/30_33

‘--‘{- J:: O, 6065

-~ &,0962
) pwi) 32) = 1= Plwin &4) = 1= [0,4065 #8303 = &,

//

d) Lt e Min(Sy, S,)

w/ /14422
Then A Exporss 72 /.a. 3
e D E HHen /‘Qfﬂy— Coct Foopp~ 17 sorved vr il Fre 2.
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Zea; () POt >1)= e =03628
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“Fo - 65
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17.4-5. A queueing system has three servers with expected service

times of 20 minutes, 15 minutes, and 10 minutes. The service times 1?‘ 4 ,5) J: n/ fV"/‘M ﬁw (j)

have an exponential distribution. Each server has been busy with

a current customer for 5 minutes. Determine the expected remain- ‘CJ. v F V ;42&/ ( 4, )

ing time until the next service completion.

17.4-6. Consider a queueing system with two types of customers. ;3 NS f Va/\m 74 2‘/ / é/
Type 1 customers arrive according to a Poisson process with a mean
rate of 5 per hour. Type 2 customers also arrive according to a Pois- -
son process with a mean rate of 5 per hour. The system has two M Pavy 5;&&/!!/) 7461//_?7‘4 fJ-"'—‘- /.?
servers, both of which serve both types of customers. For both types,
service times have an exponential distribution with a mean of 10 s
4 _— s
minutes. Service is provided on a first-come-first-served basis. 7-"" u 7 bo Ao
(a) What is the probability distribution (including its mean) of the
time between consecutive arrivals of customers of any type? - z s
(b) When a particular type 2 customer arives, she finds two type f(?j = Z—C/be"fé—a-) — f(a) -+ Zc_:s.
1 customers there in the process of being served but no other

customers in the system. What is the probability distribution i 5 o,/ 6
(including its mean) of this type 2 customer’s waiting time in e /""5_ & 2‘3 - vy M
the queue?

17.4-7. Consider a two-server queueing system where all service = .gl 62 méi.

times are independent and identically distributed according to an

exponential distribution with a mean of 10 minutes. Service is pro- l.?. 4 y é) 7'; NS EV 7[{21’//5) /.-: 1‘ 2
(7 |

vided on a first-come-first-served basis. When a particular customer
arrives, he finds that both servers are busy and no one is waiting

in the queue. - ol & / ‘
(a) What is the probability distribution (including its mean and ac‘ == kmﬁa/ /5 1242 {I@‘W)

standard deviation) of this customer’s waiting time in the queue?

(b) Determine the expected value and standard deviation of this d) U. - /MI}-’ (;,- . 7‘2)

customer’s waiting time in the system.

{(c) Suppose that this customer still is waiting in the queue 5 min- —_ %

utes after its arrival. Given this information, how does this b" N k VW 746&/ (5?"-5- :-/Oj
change the expected value and the standard deviation of this = /
customer’s total waiting time in the system from the answers J"’Z uj =. 23 = 6 MMléJ—.

obtained in part (b)?

b)’.twai‘— /M /;u tﬁl]
%wa%h] (6 +6 =/2/
f[%}?—‘%—/m; = 5/144344:/2;_‘

/?‘-4“'?) gt.N f)ﬁi&ﬁ&d?‘l&/ /6)f‘=,12
lorve)

a) (I Exporcn o] (646 = 12)

.. . s ks 2
f{u),/). howrg. ; Vw[uj-/;,_ ;S ley( :/é.

= SM;W}@J_

Aours

= 5 minvref
.5/ "h/‘: S+ S (serves ae !3-(2074&&4,09 pacy e~ /%1“-?—#«9/3 Z)

Ll = ECH+ L )= ECHN 4 FOL) = S + 5= =&‘7—Aaur;-=/$.«w)‘w;éi

- :.)-:V C}j Vi [ ;' - =
VWCM/— Ver{ 4+ 5 er{ L) # Veor ‘;j'/]!rfj;“?‘,%'é!‘g-@/b‘)

c) T= 5+ W (uine tes) =W_:'a a5
~ “wd
£F(T) = £(5+M/‘}: 5 +/5220 prun SHelebos (T =1l 1 = U, 1£ pecnt.
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17.5-3. Consider the birth-and-death process with the following

mean rates. The birth rates are A = 2,A; =3, A; = 2,A; = |, and /?‘ 5'—3 Q A A

A, = 0forn > 3. The death rates are pt; = 3, > = 4, pa3 = 1, and I\' 2_ A= "’ 52
p,=2forn 24 ""_3 e /--j

(a) Construct the rate diagram for this birth-and-death process. @&/@—/@

(b) Develop the balance equations.

(c) Solve these equations to find the steady-state probability dis- -
tribution Po. Py . . . . -3 Sk Mgzl S, =2
(d) Use the general formulas for the birth-and-death process to cal- b) 2 i% = 7 /0,
culate Py, P, . . ., Also calculate L, L, W, and W,

5P =~ 2P t+t4/f,
9 £=2Ll=0.82 L bh =35 A

he23 gL p =0 8= 2/ + 24,

4.3 | 2-)00: Jf;:
=222 p _L=0223 |\ Attt Brbh=1
3.L-4 - — S m—— o —
/ﬂq = 2-3‘2‘1 /3 _..l.../ 0/736 /}/ Y, / 2 3 4
2.6 .42 o K
-1 \ 5 /a,rﬂ o8 O L1066 o©,222

fo= 425 +L+ 162 = 0273

aﬂ L= SNz 0, 0082520136+~~~ 14.0,273 = Z; 182

Az

3 = Z{\A./f’z 2,0016243. 0,126 2.0,27)+ 1.0,1)6 = 4, 45'4
w

2,182 - 4,504
1,454

,ﬁ;_.rd,uig— ._r/h;-é. Loy
/ Z(n 0.7y 0. 0136+ £.0,230 2.0, 106+2. 0,270 = £, 744
? =

o 2 1F2 = LiSEG = O, 8L

Lq‘.;_ g - _@'ﬁ‘i_ ~ & 563



17.5-5." A service station has one gasoline pump. Cars wanting

gasoline arrive according to a Poisson process at a mean sy of 15 = )
ﬁ'ﬁ However, if the pump already is being used, these po- / ? 5 > /) = 4 + //OUI"
tential customers may balk (drive on to another service station). In

particular, if there are i cars already at the service station, the prob- P(ﬁaj,é) ﬁ/‘ # =4 2,3

ability that an arriving potential customer will balk is #/3 forn = 1,

2, 3. The time required to service a car has an exponential distri-

bution with a mean of 4 minutes, /‘I "~
(a) Construct the rate diagram for this queueing system

]5 cars / hour

= [= % - 6
(b) Develop the balance equations. Az g = 4 ("ﬂ '6 {‘3 =& {J J) J—-
(c) Solve these equations to find the steady-state probability dis- ) /’N /—\, A

tribution of the number of cars at the station. Verify that this

solution is the same as that given by the general solution for @ K_/@
the birth-and-death process.

(d) Find the expected waiting time (including service) for those
cars that stay.

17.5-6. A maintenance person has the job of keeping two machines Z;

in worklng order. The amount of tlf'nc t‘hal_u njl:lchnj:e works be—l A-‘) p = 4 . /; = & Zﬂ

fore breaking down has an exponential distribution with a mean of / s

10 hours. The time then spent by the maintenance person to repair

the machine has an exponential distribution with a mean of 8 hours. 4_ 2 _‘_'_

(a) Show that this process fits the birth-and-death process by defin- }’2 3 ’g . L2
5

675

S

ing the states, specifying the values of the A, and g,,. and then /
constructing the rate diagram. /5.
(b) Calculate the P,

A3

y Ay 218 Ay =LS

o, cB8E

o, 00 3L

(c) Calculate L, L, W, and W,,. 4 £ A
(d) Determine the proportion of time that the maintenance person / " :2"' * 'J—'
is busy. g __./g = /2E / i
(¢) Determine the proportion of time that any given machine is /.f /8 /5- @ =
working. ' ’ JOJ 7"5

() Refer to the nearly identical example of a continuous time

Markov chain given at the end of Sec. 16.8. Describe the re- 2 /.2;-
lationship between continuous time Markov chains and the ?-év /é [1 P — 3 A

j 0
6+I Jfo738

birth-and-death process that enables both to be applied to this
same problem.

A[o i 2.

3

2) wa? 4, | assse 22873 0,038

() oc?{

Z Anth= 4. a,+5«f‘6+}t, G2020+ b .0, 0768 =~ 3,622

J

L =20tz 0. 87508+ 1.0,202) 4 2.0,0060% 2 8,007/~ &, 284

w = - = M:’ @0‘9‘(?/90/;{— :::4,‘;‘,09;”&_[;

—

. 3622
/?'.5'-5) cy jxf 4 of mackries abuwn at Fipe ZLQCDJ’
$-C .‘-'-i&(.llzj
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17.5-7. Consider a single-server queueing system where interar- /? 5'9) Cy

rival times have an exponential distribution with parameter A and \ & Ve
service times have an exponential distribution with parameter p. g ~

In addition, customers renege (leave the queueing system without @ @ @ o e @ @ - - -

being served) if their waiting time in the queue grows too large. In €
particular, assume that the time each customer is willing to wail in o~ 2 ﬂ‘l' A=d Mt 7
o &

the queue before reneging has an exponential distribution with a

mean of 1/6.

(a) Construct the rate diagram for this queueing system.
(b) Develop the balance equations. é) P -
/ —

o
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X | P
N
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17.5-9. A department has one word-processing operator. Docu-

ments produced in the department are delivered for word process- / ‘? . 5 = Sj/& - 3 ‘é 7[ /
3 . ) ) . 1 - C/mmen 7 .0 jg v

ing according to a Poisson process with an expected interarrival
time of 20 minutes. When the operator has just one document to

process, the expected processing time is 15 minutes. When she has /JI: 4 ‘éﬂ-’m 71}. /i o

more than one document, then editing assistance that is available

reduces the expected processing time for each document to 10 min- 3 6 C}é 7/
utes. In both cases, the processing times have an exponential Ay = Gupe7L ,/4 o A’ oS z
distribution. =
(a) Construct the rate diagram for this queueing system. G) 3 g 3 J o
(b) Find the steady-state distribution of the number of documents —~3 — > N ~
that the operator has received but not yet completed. @ @ = @ @ - _
(c) Derive L for this system. (Hint: Refer to the derivation of L — -
for the M/M/1 model at the beginning of Sec. 17.6.) Use this M= 4 (\/; Vd . </
information to determine L, W, and W,. Ve e /‘:}’ = /*-':-6 /ld.q.=5
17.5-10. Customers arTive at a queucing system according to a ¢ -
Poisson process with a mean arrival rate of 2 customers per minute. é) A - -—2— £ 3ﬂ' !
The service time has an exponential distribution with a mean of 1 4 /g = 4 > Z..._..—-
minute. An unlimited number of servers are available as needed so 2 n=l 4 J“'
customers never wait for service to begin. Calculate the steady- f 5 3 f =-{
state probability that exactly 1 customer is_ir_L the system. 2=~ 4 y =

[ E( ) )]
[1e2 (Y]

1 s
6‘) We. éaue_,;./o'-'-‘-:?_—) ’3:—}_}9 [ Cop

o2 e 5 A 1
l2Zalp =Z03p =y .-

\
V] \\
i 2 l [ :3 \ | m— e R —
_;_._?_./0 T i T & -__I_ s
27 0P 2 % g Zo‘_ﬂ .
w,_é:._.,-_-_—;?-—: Lhours.; Lg Z(n ).-lh = Zn/fa -2
= VEY n=l
A i , 2
.—.:ﬂ%nf,’._ -ﬁ%&f’é ==--3"1.-:'"'_5—' ':—'5'—2"24
=4
Lq 204~ 08 hoorg.
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(4 Gos Forvers
|12.5-1) A= 2 s Bour
17.5-11. Suppose that a single-server queueing system fits all the

assumptions of the birth-and-death process excepr that customers A = 5 &J?%M/J-—,//o U./.

always arrive in pairs. The mean arrival rate is 2 pairs per hour

(4 customers per hour) and the mean service rate (when the server /m
is busy) is 5 customers per hour. 4

£:7

(a) Construct the rate diagram for this queueing system. @ (£ Z) @ C 2) =
(b) Develop the balance equations. «___/ «__/

(¢) For comparison purposes, display the rate diagram for the cor-
responding queucing system that completely fits the birth-and-
death process, i.e., where customers arrive individually at a

mean rate of 4 per hour. b) Z/é = 5 f?
b4

/‘l_, ,':'., P =54

+

2L+ 505

/
!

‘7/‘5’0 = 24.}_ # 5/3!1'-1_

o
E Fh= L
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17.5-13. Consider a queueing system that has two classes of cus-
tomers, two clerks providing service, and no gueue. Potential cus-
tomers from each class arrive according to a Poisson process, with
a mean arrival rate of 10 customers per hour for class 1 and 5 cus-
tomers per hour for class 2, but these arrivals are lost to the sys-
tem if they cannot immediately enter service.

Each customer of class 1 that enters the system will receive
service from either one of the clerks that is free, where the service
times have an exponential distribution with a mean of 5 minutes.

Each customer of class 2 that enters the system requires the
simultaneous use of both clerks (the two clerks work together as a
single server), where the service times have an exponential distri-
bution with a mean of 5 minutes. Thus, an arriving customer of
this kind would be lost to the system unless both clerks are free 1o
begin service immediately.

(a) Formulate the queueing model as a continuous time Markov
chain by defining the states and constructing the rate diagram.

(b) Now describe how the formulation in part {(a) can be fitted into
the format of the birth-and-death process.

(c) Use the results for the birth-and-death process to calculate the
steady-state joint distribution of the number of customers of
each class in the system.

(d) For each of the two classes of customers, what is the expected
fraction of arrivals who are unable to enter the system?

‘9.‘@

I 126-54 >4

b+t 21l

a// Total=

Class 1 = 229, , -L—s— &,196 ;

= 2/4/”

Blp = 1264128 3 YPy=12p+121% )
% =24 ( +|6324)| ©

= 4
&\@/H 24+2+8,833) =1
43:0//5(7-‘9
la+ /9= 0,/60 + &r124 = 49;254

12.5-13) Ay = 10 Gushomrs-/hour
lz - 5- &Jéﬂ@‘é—/jau’f

Sz /K=-{¥J74m40aaj¢=2
=12 custopars Hoos

a) fxf‘-##%zimd/%z
Costomer s 20 Ao -{,V-f’é” ‘77/7413\2,_239

Cog): (Tpe t, Ba2)
5-( j(cﬂ:i) (519) [120) /2105

# T 2
‘_ié«-ira i 2

o |o.3s5 | /60

! 2 &34 | o

p— — T ———

b= 8,385 P = 0,322,134

- 0,294.- 5 __ _ 909
ﬂaJ-.C- 2 1045 4 y
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Alp Giray Ozen | 0533 5499108 | alp@

.'.‘\.LL,'.'?Z‘.‘P_. 1a.COoMm |

nia.com | www.lecturemania.com



